I. INTRODUCTION
The effect of an electric field on the flow of a liquid layer has received considerable attention in recent years (see, for example, Refs. 1-13). These studies have looked at the effects of electric fields on both viscous and inviscid flows in the contexts of capillary waves on fluid sheets, 1, 3, 4 axisymmetric capillary waves, 2 gravity-capillary waves on a liquid layer, 5, 6 rupture of an electric sheet, 7 and flow of a viscous layer over a topographic substrate. [8] [9] [10] [11] [12] [13] The central theme of this research has been to investigate the interplay between the Maxwell stress induced by the electric field at the free surface of a liquid layer and the capillary force present due to surface tension. Of particular interest has been to see how this balance of forces can be exploited to manipulate the film shape, to influence the progression of surface waves, or to mitigate instability.
In the present paper we address the question of how an electric field influences the flow of an inviscid liquid layer over topography. The steady flow inside the layer is assumed to be both incompressible and irrotational. The liquid is assumed to behave as a perfect conductor and the air above the layer is assumed to behave as a perfect dielectric capable of supporting a difference in electric potential. The electric field is generated by isolated electrodes deployed above the layer at locations which we are free to choose. In the absence of the electric field, the surface shape of the liquid layer is determined by a balance of the gravitational force and the dynamic fluid pressure acting at the free surface (surface tension is neglected). Solutions have been determined by Refs. 14-26 (and others), revealing that trains of periodic waves or solitary waves are possible on the surface of the liquid layer. These waves are generated when the liquid layer flows over changes in topography. The electric field introduces into the surface balance a Maxwell stress, which can be thought of as a local modification to the ambient air pressure at each point on the free surface. For this reason the Maxwell stress is sometimes referred to as an electric pressure. Our goal is to determine the nonlinear deformation of the free surface for a prescribed topography, and for prescribed values of the two dimensionless parameters operational in the problem: the Froude number and the electric Weber number. Following an established procedure [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] (and others), the nonlinear problem is formulated using the boundary integral method. [37] [38] [39] [40] In this way, an integral equation is derived for the flow in the layer coupled to another integral equation describing the electric field in the air above the layer. Fully nonlinear solutions for the free-surface shape are obtained in the case of a solitary electrode using the boundary element method. For two or more electrodes, faced with the intensive computation required to determine both the flow in the layer and the electric field, approximate nonlinear solutions are obtained by assuming that the Maxwell stress at the free surface may be accurately estimated using a formula which is strictly valid for a flat free surface. The reasonableness of this assumption is confirmed by comparing the predicted free-surface shape for a solitary electrode computed by solving the integral equation for the electric field with that predicted using an explicit formula for the electric pressure for a flat free surface.
When computing a numerical solution to the combined electric field and liquid flow problem, the number of independent parameters and their approximate values need to be determined appropriate to a particular family of solutions (for example, when considering a hydraulic fall over a step, the Froude number and the step height cannot be chosen independently). The set of independent parameters can be found by careful numerical experimentation, or alternatively by conducting a weakly nonlinear analysis in the phase space of the problem (e.g., see Refs. [37] [38] [39] [40] , and we choose the latter option. In order to perform this analysis, we derive forced (e.g., see Refs. 41-55 and others) Korteweg-De Vries 56 equations. Careful determination of the independent parameter set is essential when trying to obtain nonlinear solutions with multiple electrodes and non-trivial topographies (see . We find that the electric pressure can be decomposed into a number of localized forcing terms (equal to the number of electrodes), and we quantify the corresponding (localized) amplitudes of forcing in terms of the weakly nonlinear theory.
Using the weakly nonlinear analysis as a guide, we are able to compute numerical solutions with "trapped" 51 waves on the free surface surface of the liquid, and also solutions for which there are no waves present (see Figs. 4-7) . This underscores the importance of first understanding the underlying weakly nonlinear solution phase space for a given configuration of electrodes and topography, as in general there are waves along most of the free surface (see Fig. 1 ).
II. FORMULATION
We consider the steady incompressible, irrotational flow of an electrified inviscid liquid layer over topography, as is illustrated in Fig. 1 . Throughout our discussion the predominant fluid flow is assumed to be from left to right. Wave-like disruption to the free surface of the layer may occur due to topographic forcing from the layer bed, or due to an electric pressure induced by a point charge or electrode held above the layer. For the purposes of our analysis, we require that a long way downstream any surface disruption diminishes and the layer depth approaches the constant value H. Referring to the Cartesian axis shown in the figure, the free surface is taken to be located at y
, where η * is the free-surface elevation satisfying η * → 0 as x * → ∞. Consistent with this condition, the bed topography is taken to be located at y * = σ * (x * ), where σ * varies over a finite range and assumes a (possibly different) constant value upstream and downstream of this range. The velocity field inside the film is written as u * = (u * , v * ) and it is assumed that u * → U, a constant, and v * → 0 as x * → ∞. Three types of bottom topography will be considered: a flat layer bed; a flat layer bed with a single upwards or downwards step of height h * located at x * = s * ; and a flat layer bed with a rectangular bump of length b * and height h * , with the assumption that the bump length is much larger than the height, b * /h * 1. The latter case is the one illustrated in Fig. 1 . The electric field exerts an effective pressure, P * (x * ), termed the Maxwell stress, at the free surface. Since this electric pressure originates from one or several isolated point charges or electrodes held above the layer, its intensity decays far upstream and downstream so that P * → 0 as |x * | → ∞. We introduce dimensionless variables by writing
where g is the acceleration due to gravity and ρ is the constant density of the liquid. Consequently, in dimensionless terms the layer approaches a state with unit width and unit velocity far downstream. The flow inside the layer is governed by Laplace's equation, ∇ 2 φ = 0, where φ is the velocity potential defined in the usual way so that (u, v) = u = ∇φ. The flow must satisfy the tangential flow condition at the bottom, and the steady flow kinematic condition at the surface which are, respectively,
where n represents the unit normal to the surface in each case. Neglecting surface tension, the dynamic boundary condition at the free surface requires that
at y = 1 + η(x), where the Froude number is defined to be
In deriving (3), we have made use of the conditions u → 1, v → 0, and η → 0 as x → ∞ to evaluate the Bernoulli constant on the right hand side. The form of the dimensionless electric pressure, P, will be discussed below. Following Refs. 37-40, the problem for the fluid flow in the layer may be reformulated using the boundary integral method. We will present only the essential details here and leave the reader to refer to these papers to fill in the gaps. We introduce the complex potential f = φ + iψ, where ψ is a streamfunction defined so that u = ψ y and v = −ψ x . Differentiating once we obtain the complex velocity, w ≡ d f /dz = u − iv. Since the flow is steady, the free surface is a streamline and without loss of generality we designate ψ = 0 on the surface streamline. According to the non-dimensionalisation above, it follows that ψ = −1 on the bottom topography, y = σ . Next we introduce the complex function τ − iθ , which is defined by
Working from Cauchy's integral formula, see Refs. 37-40, we obtain the integral equation
which relates the values of τ and θ along the free surface at ψ = 0. The function G(φ) is chosen so that the kinematic boundary condition at the topography (2) 
where φ 1 , φ 2 , φ 3 , and φ 4 denote the a priori unknown values of φ at the corners of the rectangular bump in the complex potential f-plane. These corner values are computed as part of the solution by imposing θ along the bottom according to the desired topographic shape. The procedure is described in detail in Ref. 38 . When there is a single step up or step down in the topography, G takes the form of either the first or second term in the right-hand side of Eq. (7) respectively (see Ref. 38) . In the new (τ , θ ) variables, the free-surface dynamic boundary condition (3) becomes
The values of x = x(φ) and y = y(φ) along the free-surface streamline ψ = 0 are found by integrating the identity
The electric field field is produced by one or more circular electrodes or point charges positioned according to choice at a distance above the free surface. Since the liquid is assumed to behave as a perfect conductor, the electric field inside the layer is identically zero. In the air above the film the electric field satisfies the equations
For one or more circular electrodes, the boundary conditions are V = 0 on y = 1 + η(x) and V = V 0 at the electrode boundary, where V 0 is a specified constant potential. Carrying out a balance of forces at the free surface, the dimensionless electric pressure is found to be
where W e is the electric Weber number defined as
where ε is the permittivity of the air and n is the unit normal to the film surface (e.g., see Ref. 8) .
The nonlinear system (6)- (9) describes an integro-differential equation for the fluid flow which is to be solved for the unknown function θ (φ) on the free-surface. The electric pressure P is obtained by simultaneously solving Laplace's equation for the electric potential, V . The electric problem is reformulated and solved using the boundary element method using a procedure described by Ref. 13 (note that in Ref. 13 the problem is formulated on a periodic domain; we do the same here and simply take the period to be large). The integro-differential equation (6)- (9) together with equations for the topography (similar to Eqs. (38)- (43) in Ref. 38 ) are discretised and the resulting algebraic equations are solved by Newton's method. During the procedure, the location of the discretised surface is adjusted iteratively until the surface boundary condition (8) is satisfied to within a prescribed tolerance.
One drawback of the procedure just described is that it requires intensive computation in the case of multiple electrodes. Since all of the electrodes have to be discretised and collocated during the boundary element method, the amount of computation quickly escalates as more electrodes are included. One way to advance without conducting computationally intensive calculations is to proceed using an explicit formula for the electric pressure valid when the layer surface is flat.
A. Electrostatic fields
In practice we find that even in the case of nonlinear deformation of the free surface, a good approximation to the free surface deformation is obtained by using the formula for the electric pressure found when the free surface is flat. In the case of a perfectly flat film surface, corresponding to η = 0 everywhere, an exact solution may be obtained for a circular electrode using a conformal mapping method. The electric pressure is given by Ref. 13 ,
where r is the dimensionless radius of the circular electrode with centre at (x, y) = (x 1 , 1 + z), and
Notice that (13) has the same qualitative form as that obtained for a point charge of strength q located at (x, y) = (x 1 , 1 + z), with an image charge at (x 1 , 1 − z) so that the condition V = 0 is satisfied at y = 1, namely,
When seeking to evaluate the effect of multiple electrodes, it is simpler to consider instead the effect of multiple point charges. For two point charges of strength λ 1 q and λ 2 q located at (x, z) = (x 1 , 1 + z) and (x 2 , 1 + z), respectively (with image charges located below the free surface), the electric pressure on a flat free surface at y = 1 is found to be
, and the dimensionless constant A is as given in (14) . When the two point charges are of equal strength, we take λ 1 = λ 2 = 1. Approximate fully nonlinear solutions for the shape of the free-surface can now be computed using these formulas for the electric pressure, which are exact when the liquid surface is flat. However, before a converged solution can be obtained the number of independent parameters in the problem needs to be determined first. For example, when considering flow over a step, the Froude number and step height cannot be chosen independently to obtain a hydraulic fall, see Fig. 4 (a). One way of determining the number of independent parameters is to perform a weakly nonlinear analysis in the phase plane of the problem.
B. Weakly nonlinear theory
The theory presented in this section is based on the long-wave asymptotics discussed by Refs. 37-40, 49, 50, 52, and 53 among others, and for this reason only the most important details will be provided here. Supposing that S represents a typical horizontal length scale, and assuming that S is large in comparison to the far-downstream layer depth H, we introduce the small parameter = (H/S) 2 1. Changing to a new set of coordinates defined by (x , y ) = ( 1/2 x, y), we introduce the scaled surface elevation η = −1 η and the scaled topography function σ (x ) = −2 σ and the scaled electric pressure P = −2 P. Writing F = 1 + μ, where μ = O(1), we expand the respective variables in integral powers of and substitute into the governing equations and boundary conditions. Accordingly we derive a forced Korteweg-de Vries (KdV) equation by equating coefficients of the successive powers of (the reader is referred to Refs. 49 and 50 for full details). Recasting the forced KdV equation in terms of the unscaled dimensionless variables x = −1/2 x , η = y − 1 = η , σ = 2 σ , and P = 2 P , we obtain
Proceeding, we assume that the electric pressure, P, can be decomposed into a sum of "local" forcing terms of amplitude Q i , for i = 1, . . . , N, centred around x i , 37, 39 
where δ is the Dirac delta function. Substituting into (16), we find
and integrating (16) across the location of the ith point force, we obtain
In the absence of an electric field, analysing this system in the (η, η x ) phase plane has proved a fruitful means of studying solutions (e.g., Refs. 37-40, 49, and 50). In this context, (19) Binder et al. 38 examined the case when there is a single step up or step down in the otherwise flat topography. For a step located at x = s, we have
When x > s with σ (x) = 0, Eq. (18) becomes
There are fixed points in the (η, η x ) phase plane at (0, 0) and at (4(F − 1)/3, 0). For F > 1, the fixed point at the origin is a saddle point at η = 0, η x = 0 and the other fixed point is a centre. For F < 1, the origin is a centre point and the other fixed point is a saddle point. Integrating (21) once yields
where C 1 is a constant. For each choice of C 1 , this describes a phase portrait, which we label X. Examples are given by the broken curves in Figs. 4(b) and 4(d). The two fixed points are shown as small shaded disks. Equation (22) There are fixed points in the phase plane at (η, η x ) = (η 1 , 0) and (η 2 , 0), where
provided that (F − 1) 2 > 3h/2 when h > 0. The fixed points at η = η 1 , η 2 correspond to a centre and a saddle point, respectively. Integrating (23) yields
where C 2 is a constant of integration. For each choice of C 2 , this corresponds to a phase portrait, which we label Y. Examples are given by the solid curves in Figs Phase plane diagrams of weakly nonlinear solutions for flow over a single step may be constructed by following trajectories in the (η, η x ) phase plane. By way of example, consider the phase portraits X and Y presented in Fig. 4(b) for flow over an otherwise flat bottom topography with a step up (this figure will be discussed in detail later). The broken and solid curves correspond to phase portraits produced by selecting different values of the integration constants C 1 and C 2 in Eqs. (22) and (25), respectively. The thick bold circular trajectory belonging to portrait Y in the phase diagram, corresponds to periodic waves on the surface of the liquid layer in the physical plane. At the step the abrupt change in topography forces a switch to a trajectory of the other phase portrait. In the example shown in Fig. 4(b) , it switches to the thick broken line trajectory belonging to portrait X which then approaches the fixed point at the origin. This corresponds to a smooth approach to a flat surface in the physical plane [the corresponding nonlinear surface profile is shown in Fig. 4(a) ]. The switch from one trajectory to the other at the step corresponds to a switch from one solution of (22) with one value of C 1 to a solution of (25) with one value of C 2 .
Fully nonlinear solutions have been computed for flow over topography with a rectangular bump of length b and height h, in the absence of an electric field. 40 When the length of the bump is larger than a typical wavelength on the free-surface, we find that the weakly nonlinear analysis for a single step in the topography can be extended to provide an approximation to these solutions. For a rectangular bump as sketched in Fig. 1 , we have
When |x| > b/2 with σ (x) = 0, the phase plane diagram is described by Eq. (22) There are now two switches between the phase portraits X and Y in the phase plane, instead of just one switch as was the case for a single step in the topography. These switches occur at the two ends of the rectangular bump, where there are abrupt changes in the topography. As we shall see, the analysis of weakly nonlinear phase diagrams provides a systematic way to identify the possible types of solution. Once a solution has been identified, the number of independent parameters in the solution space, and the values of those parameters, can be determined using the weakly nonlinear analysis. This provides vital information to help guide the computation of fully nonlinear solutions.
III. DISCUSSION OF RESULTS
We begin with a discussion of the flow over a flat bottom topography, σ ≡ 0, with a single circular electrode of radius 0.1 positioned at (x, y) = (0, 2) above the free-surface. The flow is supercritical with F > 1. When F = 1.10, for example, we find two qualitatively different solutions occurring when A = 0.009, which corresponds to the electric Weber number W e = 0.04. These are shown by the upper and lower broken curves in Fig. 2(a) . Although the two solutions have similar surface profiles, one has a much higher peak than the other. By extending the work of Forbes and Schwartz, 21 Vanden-Broeck 23 (and later Dias and Vanden-Broeck 57 ) identified two solutions of a qualitatively similar nature for flow over a bump whose height is comparable to its length. Using their classification, 23, 57 we describe the solutions represented by the upper and lower curves in Fig. 2 (a) as perturbations of a solitary wave and uniform stream, respectively.
The upper and lower broken curves in Fig. 2 (a) are fully nonlinear solutions obtained using the boundary element method to solve the electric field problem. The upper and lower solid curves in Fig. 2(a) represent fully nonlinear solutions produced by adopting the exact formula (13) for the electric pressure, which is strictly only valid when the free surface is flat and η = 0 everywhere. The near coincidence of the lower solid and lower broken curves, representing the perturbation from a uniform stream, is unsurprising since the deviation from a flat surface is only small. Indeed the electric pressure computed using the boundary element method is very close to that given by the exact formula, as can be seen by comparing the two lower curves in Fig. 2(c) . However, the very close agreement between the two upper curves in Fig. 2(a) , except for a small deviation around the peak, is striking and particularly so given the marked difference in the electric pressure profiles shown by the upper broken curve and the lower solid curve in Fig. 2(c) . Overall the close agreement both for the uniform stream perturbation and for the solitary wave perturbation provides strong justification for using an electrostatic formula based on a flat free surface to curtail substantially the cost of the computations while still producing an accurate representation of the free surface profile.
Maintaining the same electric field strength, A = 0.009, we show in Fig. 2(d) how the amplitude of the surface profile at x = 0 varies with the Froude number. The solid curve corresponds to the result obtained using the exact formula for the electric pressure (13) and the broken curve was obtained by solving the full electric field problem using the boundary element method. Again we see little difference between the two sets of results. Consequently from now on we will use the electrostatic formulas (13)- (15) to model the electric pressure on a deformed free surface in subsequent calculations [specifically those presented in Figs. 3-7] .
The existence of the two branches of solution seen in Fig. 2(d) can be explained using the weakly nonlinear analysis. In the case of a single electrode and in terms of the weakly nonlinear theory, the corresponding electric pressure is represented by a single "local" forcing term [so N = 1 in (17)] with amplitude Q 1 . The value of Q 1 is related to the parameters used in the nonlinear computations by integrating both (17) and the formula (13) for the electric pressure associated with a single circular electrode, we find that
For non-zero Q 1 , there will be a vertical jump of size −3Q 1 in the (η, η x ) phase plane according to (19) . For the homoclinic orbit shown in Fig. 2(b) for the case F = 1.10, Q 1 = 0.014 there are two possible jumps of height 3Q 1 connecting the orbit to itself and these are illustrated with downward vertical arrows. Two different free surface profiles may be constructed by (1) traversing the homoclinic orbit but jumping down at the leftmost arrow before returning to the origin, and (2) traversing the homoclinic orbit but jumping down at the rightmost arrow before returning to the origin. Solutions (1) and (2) correspond to perturbations of a uniform stream and solitary wave, respectively. The number of independent parameters, for both types of solution (1) and (2), can be determined by analysing the phase diagram shown in Fig. 2(b) . The Froude number provides the general layout of the phase portrait X in the phase plane and the appropriately chosen amplitude Q 1 gives the magnitude of the vertical jump. The number of independent parameters is therefore two. This corresponds to a two-parameter family of nonlinear solutions, for given values of z, r, and x 1 . The two independent parameters in the fully nonlinear computations [ Figs. 2 
(a) and 2(d)] are then the Froude number F and the electric Weber number W e (or A).
Quantitative comparison between weakly nonlinear theory and fully nonlinear computations has been presented by Refs. 37-39 for non-electrified flow. Such a comparison is not the primary concern of the current work and we restrict ourselves to reporting the free surface elevation η(0) at the location of the electrode-these are given in the caption to Fig. 2 for both the weakly nonlinear and nonlinear results and they show fairly good agreement.
The weakly nonlinear theory can help us understand why the broken curve lies below the solid curve for the upper branch of solutions in Fig. 2(d) , corresponding to the perturbation of a solitary wave. Even though we have not calculated values of the amplitude Q 1 using (27) with the boundary element method for the electric pressure, we can see that they are greater than the value Q 1 = 0.014. For example, this is shown in Fig. 2(c) , where the area under the upper (and lower) broken curve is greater than that of the solid curve. For the same values of the parameters, the magnitude of the jump in the weakly nonlinear phase would therefore be greater for the boundary element method than the formula (13) for the electric pressure. This means that the jump due to the boundary element method would occur to the left of the rightmost arrow in Fig. 2(b) , giving a smaller value of η(0). The situation is reversed when considering the lower branch of solutions in Fig. 2(d) , corresponding to the perturbation of a uniform stream, and the broken curve now lies slightly above the solid curve. This is because the (small) increase in the magnitude of the jump for boundary element method would occur to the right of the leftmost arrow in Fig. 2(b) , giving a larger value of η(0).
It is interesting to draw a parallel between the presently considered electrified flow over a flat bottom and the non-electrified flow over a bump whose length is comparable to its height. In terms of the weakly nonlinear theory, it has been shown that localized forcing due to a bump gives a vertical jump in the (η, η x ) phase plane of size proportional to the area of the bump. 37-40, 49, 50 Therefore imposing an electric field onto the liquid layer has the same effect on the free-surface profile as a "localized" bump on the bottom.
Results for flow over a flat bottom in the presence of two point charges which are far apart are presented in Fig. 3 . The electric pressure for two point charges above a flat free surface is given by (15) . As before in the fully nonlinear computations we assume that we may use this formula without incurring significant error. However, for the purposes of the weakly nonlinear theory we work on the basis that the forcing due to each of these two point charges is localised in space. Justification for this comes from, for example, a plot of the electric pressure which can be seen to involve two essentially isolated peaks [see Fig. 3(d) ] located at the positions of the point charges x 1 and x 2 . In terms of the weakly nonlinear theory with N = 2 in (17), the forcing is represented by two local amplitudes Q 1 and Q 2 . The values of these two amplitudes are related to the parameters in the nonlinear computations by integrating both (15) and (17) for the electric pressure, we obtain
If we temporarily remove the second of the charges then (28) reduces to
with λ 1 = 1. As expected, this formula is identical in form to that obtained in (27) for a circular electrode. Therefore the analysis and discussion of the results shown in Fig 2 for a single circular electrode also apply to the case of a single point charge.
Returning to when there are two point charges in (28), we have
As the forcing is localized, we have
giving the magnitudes 3Q 1 and 3Q 2 for two vertical downward jumps in the weakly nonlinear phase plane, one for each point charge. When the point charges are equal in strength with λ 1 = λ 2 = 1, the approximations in (31) give the same amplitude of forcing for each point charge, namely,
In Fig. 3(a) , we show the free-surface profile obtained for the fully nonlinear problem using the formula (15) for the electric pressure valid for two point charges of equal strength (with A = 0.009). The flow is supercritical with F = 1.10. Examining the corresponding weakly nonlinear phase plane diagram in Fig. 3(b) , we see that the number of independent parameters is three: the Froude number F, the amplitudes Q 1 = Q 2 , and the distance the point charges are apart |x 1 − x 2 |. As we have previously discussed, the Froude number provides the layout of the phase portrait X and the amplitudes give the length of the vertical jumps in the phase plane. The distance the point charges are apart determine a periodic orbit the solution trajectory can follow in the phase plane. The solutions are non-unique because different periodic orbits can be selected for the same values of all three independent parameters. Naturally it follows that there are many other qualitatively different types of solutions for the same given values of just two of the independent parameters, for example, F and 
One of these is presented in Fig. 3(c) . Recalling the aforementioned analogy between the presently considered electrified flow and flow over a bump, we note that some of the other solutions can be found in Binder et al. 37 (see Figs. 1-3 and 5-7) , where the forcing arises from two "localized" bumps in the bottom topography.
Turning to non-flat bottom topographies, in Fig. 4 Fig. 4(b) ]. The third parameter can be chosen as the elevation of the free-surface at x = 0, which determines the amplitude of the waves on the upstream free-surface (or vice versa). The waves seen in the surface profile in Fig. 4(a) are explained using the weakly nonlinear phase diagram in Fig. 4(b) as follows. Starting on the emboldened circle on the Y phase portrait (solid lines) and travelling round continuously in a clockwise direction corresponds to the train of periodic waves seen upstream in Fig. 4(a) . Where the waves meet the step in the physical plane, the trajectory in the phase plane correspondingly switches onto the homoclinic orbit on the X phase portrait (broken lines). The trajectory follows this orbit to the fixed point at the origin, corresponding to a uniform stream with a flat surface profile far downstream in Fig. 4(a) . It is interesting to note that the phase plane diagram in Fig. 4(b) precludes the possibility of a solution for which there are no waves upstream of the step.
Figures 4(c) and 4(d) show the nonlinear profile and accompanying weakly nonlinear phase diagram for the same case, but with an electrode positioned above the layer at x 1 = −6.32. The computations were done using the electric pressure formula (13) for a circular electrode. In this case, for chosen values of the three independent parameters F, h, and η(0), we find that it is possible to completely eliminate the waves upstream of the step. Another example with a wave-free surface profile upstream of the step is shown in Fig. 4(e) . The amplitude of forcing Q 1 for the electric pressure and the location x 1 of the electrode cannot be chosen independently for these wave-free solutions. This can be seen in the phase plane diagram Fig. 4(d) , where the length of the vertical jump (corresponding to the value of Q 1 ) and the two positions that connect it to the periodic orbit and centre (corresponding to the values of x 1 ) are predetermined by the independent parameters F, h, and η(0).
When we choose to fix the values of two additional parameters, for example, Q 1 and x 1 , there is a five parameter family of solutions with two trains of waves on the upstream free-surface. One wave-train is trapped between the location of the step and electrode, while the other extends far upstream from the location of the electrode. The solution shown in Fig. 4 (f) is a member of this family of solutions, for the same values of the parameters in Figs. 4(c) and 4(e), apart from the location x 1 of the electrode.
Of course when there are waves far upstream on the free-surface, as is the case for the profiles shown in Figs. 4(a) and 4(f), the radiation condition at infinity is not satisfied. One way to overcome this problem is to reverse the direction of flow so that the waves occur downstream of the step and the upstream profile is free of waves. Such a reversal of the flow direction is permissible for potential flow, 51 , 58 but we cannot compute the solutions directly, as our formulation of the problem assumes that the flow approaches a uniform stream as x → ∞.
Next we examine the case of a bottom topography with a long-length bump and no electrodes. Such flows have been previously examined by Forbes 19, 20 and Binder et al. 40 (and others). In the case of subcritical flow with the Froude number F < 1, Forbes 19, 20 showed that waveless flows exist for certain lengths and heights of semi-elliptical shaped bumps. These waveless (in the far-field) subcritical flow types were also found for a rectangular shaped bump, 40 but without the corresponding phase plane analysis. Shown in Fig. 5 are the nonlinear profiles 40 ( Figures 14(a) and 14(b) ) along with sketches of their phase plane diagrams, for flow past a submerged rectangular bump and a value of the Froude number F = 0.5. As the Froude number F is not close to 1, strictly speaking the results lie beyond the range of the weakly nonlinear theory. Nevertheless, the qualitative predictions of the theory are still valid.
For given values of the Froude number F, bump height h, and bump length b, there is a three parameter family of solutions, with two trains of waves on the free-surface [ Fig. 5(a) ]. One of these wave trains extends far upstream so that the flow is non-uniform as x → −∞. This far upstream wave train can be eliminated [ Fig. 5(c) ] by enforcing a suitable extra condition and allowing the bump length to come as part of the solution. As speculated by Forbes, 19, 20 there exists an infinite discrete set of values of b for which the free surface upstream is wave-free. Larger values of b in this discrete set correspond to greater numbers of peaks in the trapped wave packet above the rectangular bump. The presence of these trapped-wave solutions can be explained using the phase plane analysis. Similar to when there is step in the bottom topography, the Froude number and bump height provide the general layout of the phase plane diagrams (Figs. 5(b) and 5(d) ). However, for a long-length bump these two parameters also determine the amplitude of the waves above the bump. This is illustrated in Figs. 5(b) and 5(d) by the bold solid inner periodic orbit of the phase portrait Y, which intersects with the centre of the phase portrait X. In the physical plane, this intersection corresponds to the downstream edge of the bump in Fig. 5(a) and both the upstream and downstream edges of the bump in Fig. 5(c) . The bump length determines the bold broken inner periodic orbit of the phase portrait X, which intersects with the bold solid inner periodic orbit of the phase portrait Y [see Fig. 5(b) ]. In the physical plane this corresponds to the amplitude of the waves far upstream [see Fig. 5(a) ]. For particular choices of the bump length, the bold broken inner periodic orbit reduces Fig. 6(a) ] can be eliminated. This corresponds to a vertical jump from the centre of the phase portrait X onto the bold broken periodic orbit of the phase portrait X [ Fig. 6(b) ].
Alternatively, if the electrode is over the bump, so that −b/2 ≤ x 1 ≤ b/2, the wave train (or a portion of it) above the bump can be eliminated in a similar way [Figs. 6(c) and 6(d)]. However, according to the weakly nonlinear analysis in the phase plane, for given values of F, h, and b it is impossible to eliminate both wave trains simultaneously with just a single electrode. This leads us naturally to think about flow past a long-length bump for given values of F, h, and b with two point charges above the free-surface. We see in Fig. 7 that with two electrodes it is possible to eliminate both trains of waves on the free-surface. Phys. 
IV. PHYSICAL PARAMETER VALUES
To get a feel for the physical relevance of our results, we consider the typical sizes of the various dimensionless parameters for the case of an aqueous layer. First, since water acts as a near-perfect conductor the presently made assumption that the electric field vanishes inside the liquid layer is justified. The pertinent physical properties of water measured at 20
• C are its density ρ = 10 3 kg m −3 , its dynamic viscosity μ = 10 −3 Pa s, and its surface tension when in contact with air, γ = 7 × 10 −2 Nm −1 . The important dimensionless parameters are the Reynolds number, Re, and the Bond number, Bo, which we define by
together with the Froude number F defined in (4) and the electric Weber number W e, which was defined in (12) . Setting F = 1, which is typical of our computations, provides a characteristic velocity scale for the Reynolds number, U = (gH) 1/2 . For an aqueous layer of depth H = 0.02 m, we have Re = 9.9 × 10 3 and Bo = 52. The large value of the Reynolds number is consistent with the assumption of inviscid flow. The moderately large size of the Bond number suggests that neglecting surface tension is reasonable. Noting that the permittivity of air is = 8.9 × 10 −12 F m −1 , we estimate that for an electrode placed at a distance H above the film surface, the required strength of the electric field to achieve the Weber number W e = 0.04 used in some of our calculations is E = 9.4 × 10 5 V m −1 . Although this value is large, it is still some way below the critical value for the dielectric breakdown of air, namely, E = 3 × 10 6 V m −1 , and so it ought to be possible to physically realise the situations described by our calculations.
V. CONCLUDING REMARKS
We have investigated the effect of an electric field, which is produced by one or more electrodes or point charges, on the shape of an inviscid liquid film free-surface flow past solid topography. Our analysis has shown that while formally the full solution of the Laplace problem for the electric field above the layer must be solved over the a priori unknown free surface, in practice accurate results may be obtained utilising simple, explicit formulae for the electric field which arise when the free surface is flat. By performing a weakly nonlinear analysis in the phase space, we have identified and computed several nonlinear solutions. In particular we have shown that electrodes can be used to modify the shape of the free-surface flow past a given topography, with the focus here being on wave elimination [Figs. [4] [5] [6] [7] ; alternatively the parameters in the problem could be tuned to maximise the wave amplitude.
